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1 Introduction 

E. Bedford and D. Burns ([Be-Bu]) and later U. Cegrell ([Ce 1]) proved 
around 1978 that any smooth bounded domain satisfying certain boundary 
conditions is a domain of existence of a plurisubharmonic function. 

However since plurisubharmonic functions occur in complex analysis 
through inequalities, it is more natural to ask for the subextension prob- 
lem. 

El Mir gave in 1980 an example of a plurisubharmonic function on the 
unit bidisc for which the restriction to any smaller bidisc admits no subex- 
tension to the whole space (see [El]). He also proved that, after attenuatting 
the singularities of a given plurisubharmonic function by composition with 
a suitable convex increasing function, it is possible to obtain a global subex- 
tension. 

Later Alexander and Taylor gave in 1984 a generalization of this result 
with a more effective and simple proof (see [Al-Ta]). 

On the other hand, Fornaess and Sibony pointed out in 1987 that for a 
ring domain in C^, there exists a plurisubharmonic function which admits 
no subextension inside the hole (see [Fo-Sib]). 

Finally E. Bedford and B.A. Taylor proved in 1988 that any smoothly 
bounded domain in C" is a domain of existence of a smooth plurisubhar- 
monic function (see [Be-Ta 3]). 

Recently, the first and the last authors proved that plurisubharmonic 
functions with uniformly bounded Monge- Ampere mass on a bounded hy- 
perconvex domain always admit a plurisubharmonic subextension to any 
larger hyperconvex domain (see [Ce-Ze]). 

Here we want to prove several results showing that plurisubharmonic 
functions with various bounds on their Monge- Ampere masses on a bounded 
hyperconvex domain always admit global plurisubharmonic subextension 
with logarithmic growth at infinity. 
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Let us describe more precisely the content of the article. 

In section 2 we recall basic definitions concerning the Cegrell class £{i}) 
of plurisubharmonic functions of locally uniformly bounded Monge-Ampcrc 
masses on a hyperconvex domain ft d C" and its subclasses of plurisubhar- 
monic functions of finte energy. Then we give a characterization in terms 
of some capacity of functions from the class £{Q) which provides several 
examples of functions in this class. 

In section 3, we give almost sharp estimates on the size of sublcvcl sets 
of plurisubharmonic functions in various subclasses of the class £{Q). 

In section 4, we give a generalization of Alexander- Taylor's subextension 
theorem which implies, using results from section 3, that plurisubharmonic 
functions of finite energy in the sense of Cegrell admit a global subextention 
with logarithmic growth of arbitrary small logarithmic type. 

Finally in section 5, using recent results from the theory of Monge- 
Ampere equation on compact Kahler manifolds due to the second author, we 
prove two results about global subextension of plurisubharmonic functions 
of uniformly bounded masses on a hyperconvex domain by plurisubharmonic 
function with logarithmic growth on with a well defined global Monge- 
Ampere measure in some cases. 

A part of this research was done during the visit of the second author 
in Laboratoire Emile Picard of the University Paul Sabatier (Toulouse) in 
January 2004. He would like to thank the staff of the Laboratoire for its 
hospitality and stimulating discussions. 

2 Plurisubharmonic functions with locally uniformly 
bounded Monge-Ampere masses 

Let us first recall some definitions from ([Ce 2], [Ce 3]). Let C" be a 
hyperconvex domain. We denote by £o{i^) the set of negative and bounded 
plurisubharmonic functions ip onQ which tend to zero at the boundary and 
satisfy J^{dd^ip)"' < +oo. Then for each p > 1 define Sp{^) to be the class 
of plurisubharmonic functions ip on such that there exists a decreasing 
sequence of plurisubharmonic functions (ipj) from the class £^o(^) which 
converges to if such that 

(2.1) sup / (-¥Jj)P(cidVj)" < +00. 

j Jci 

If the sequence {(fj) can be choosen so that sup^ J^{dd'^(pj)'^ < +oo, then 
we say that if G J^pl^l). 

Let us denote by JF(ri) the set of all ip G PSH{^) such that there exists 
a sequence {(pj) of plurisubharmonic function in £o{^) such that ipj \ ip and 
supj j^{dd'^ipj)^ < +00. Wc also need the subclass JF°(n) of functions from 
J^{^1) whose Monge-Ampere measures put no mass on pluripolar subsets of 
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n. By Cegrell [Ce 2] we have £o{n) C Tp{n) C £p{n) C T^i^) C 
for any p > 1. It is also proved in ([Ce 2], [Ce 3]) that the complex Monge- 
Ampere operator is well defined for a function ip G as the weak*-limit 

of the sequence of measures {ddPipj)"^, where {^pj) is any decreasing sequence 
of plurisubharmonic functions from the class £q{^) which converges to ip 
and satisfying the required conditions in the definition. 

Finally we denote by £{Q) the set of plurisubharmonic functions which 
are locally in ^($7). Then the complex Monge- Ampere operator is well de- 
fined on the class £{VL) (see [Ce 3]). 

The following result will be useful for later refrence; it has been proved in 
[Ce 3] for p>l. 

Lemma 2.1 Let ip £ £p{Q), if p > and ip € if p = 0. Then the 

pluricomplex p— energy of ip defined by the following formula 

(2.2) epi^p) := [ (-^f (ddV)" 

Jn 

is finite and there exists a sequence {(pj) of plurisubharmonic functions in 
£o{i^) such that ipj \ ip andliuij^^oo f^i—'^jyidd'^ipj)^ = J^{—ipY{dd'^(p)'^. 

Such a sequence will be called a p— admissible sequence decreasing to ip. 
Proof: Observe that for any sequence {ipj) of plurisubharmonic functions 

in fo, decreasing to ip, with the condition (|2.1|) . the sequence {—ipjY is an 
increasing sequence of lower semi-continuous functions on O converging to 
{—ipY and the sequence of measures (dd'^ipj)^ converges weakly to (dd'^ip)'^ on 
Q. Therefore it follows that f^{-ip)P{dd''ip)'' < liminfj„.+oo ^(-V'iF(f^'^Vi)"> 
which proves that ep{(p) < +oo. For p = 0, the result of the lemma follows 
from the definition. Now fix p > 0. Then, since for the given function 
ip (z £p the measure (dd^ip)"^ puts no mass on pluripolar sets, it follows from 
Cegrell's decomposition theorem [Ce 2] that there exists ipo £ £o{^) and 
< / G Li(17; {dd^^oY) such that (ddV)" = f{dd^^oY. By Kolodziej's the- 
orem (see [Ko 1], [Ce 2]), for any integer j > 1 there exists ipj € fo(^7) such 
that {dd^ipjY = j} ■ (dd'^jpo)"'. Now by the comparison principle [Be- 

Ta 1], we see that the sequence (ipj) decreases to a plurisubharmonic function 
■0 on r2 such that ■(/; € £p{0,) and [dd^tpY = (dd^ip)"". By the comparison 
principle it follows that ip = tp on Q. Now by the monotone convergence the- 
orem we obtain f^{—ipy(dd'^ipY = hmj^+oo /q(— '/'j)^ min(/, j)(d(i'^Vo)" = 
liuij^^ao Jfi{—fjy{dd'^ipj)"', which proves the lemma. ► 

Now let us give a quantitative characterization of the class £{Q) in terms 
of some capacity introduced by Bedford (see [Be]). 

Given ip S PSH~(i}) and K G ^ a borelean set, following [Be] we define 
the following positive capacity" 

C^iK;n) :=sup{/ {dd^^l^T ; il^ £ PSR- (Q) f] L°°{n),ip < i; < 0}. 
Jk 
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Consider also the corresponding extremal function 



(2.3) 



(pK = sup{u G PSH (i7); u < if q.e. on K}. 



where u < ip q.e. (quasi-everywhere) on K means outside a pluripolar subset 



Then we get the following characterization of functions from the class 



Proposition 2.2 Let ip € PSH^ (0,). Then ip E if and only if for any 

compact set K d Vi we have C^{K) < +oo. Moreover, if f & ^i^), then for 
any horelean set K <^ Q, (pK G J-{^)^(pK = <p q.e. on K and 



Proof: Prom the definition of (px, it follows that ipx is plurisubharmonic on 

Q, maximal on ^}\K and satisfies the inequality ip < (px < on O. 

Now assume that ip G f(J7). Then it follows from ([Ce 2], [Ce 3]) that 

(pK = sup{ip,(p>K} G £{^) and j^{dd'^(pKY = j'xidd'^'^KY < +oo. 

Let us first prove that (pK € !F{yi). Indeed, take a decreasing sequence 
{^j)j>o from £'o(f^) converging to (/? on a neighbourhood of K such that 
supj J^{dd'^ipj)'^ < +00. Then for each j G N define the function ipj by the 
formula 1)2. 3|) with ip repalced by ipj. Then (ipj) is a decreasing sequence of 
plurisubharmonic functions from the class £o{Q) such that (pj < (pj on Q. and 
(pj = ipj q.e. on K. Therefore {(pj) converges to a plurisubharmonic function 
ip such that ipK < on O and ip = ip q.e. on K. Thus ip = ipK. Since ipj < (pj 
on n and these functions belong to £q{^), it follows that J^(dd^ipj)^ < 
J^{dd'^ipj)'^ for any j > 0. Thus the sequence {'Pj)j>o decreases to (px and 
supj J^{dd'^(pj)'^ < supj J^{dd^ipj)'^ < +oo, which proves that ipK £ J^{^). 
Then since ip < (pj, it follows that f^{dd^ipj)"- = J^{dd'^(pj)''^ < C^{K). 
By Cegrell (see [Ce 3]), the sequence of measures {dd'^ipj) converges to the 
measure {dd'^ip)"', thus J^{dd'^ipK)"' < li^i^fj /^('^^^'^i)" — C^{K), which 
proves the second inequality in (|2.4|) . 

Now let Ip G £o{^l) be choosen so that ip < ip on ^1 and set ipj := sup{ip, ipj} 
on fi. Then ipj < ipj and then ipj < ipj q.e. on K. Since functions from 
£o{0,) put no mass on pluripolar sets, it follows from Demailly's inequality 
([De]) that 



of K. 



£{Q). 



(2.4) 




(2.5) 




(2.6) 
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where the last inequahty foUows from the comparison principle for functions 
in £^o(^)- 

Therefore by the convergence theorem (see [Ce 2], [Ce 3]) we have 

C^iK°;n) < [ {dcf^KT < +00, 
Jn 

which proves the first inequality in (|2.4)) as well as the necessary condition 
of the theorem. 

Now assume that the condition on the capacity is satisfied. Then consider 
a decreasing sequence of plurisubharmonic functions (ipj) from the class 
So{il) converging to 99. Take any subset K (S: and define (fj := [(pj)K 
for j € N*. Then (pj € £o{0,) and sup j J^{dd''(fj)'^ = sup^- /^(dd^'c^j)" < 
C^p{K; O) < +00. We know from the first part that ((^j) decreases to (pK = "P 
q.e. on K. Therefore we have proved that 99 € Moreover by the 

convergence theorem we obtain the second inequality in ()2.4|) . ► 
Bedford considered the following class (see [Be]). Let d : R — > R be a 
monotone decreasing function such that 

(2.7) < +00 

and the function 1 1 — > -{-t 6'(-t))i/" is monotone increasing and convex on 
] — 00, 0[. Then define B{^1) to be the class of negative function G PSH{Q) 
such that for any zq G O there exists a neighbourhood u; of zq, a negative 
plurisubharmonic function v on iv and a decreasing function 6 satisfying 
((T7)) such that -(-u6'(-?;))^/" < ^ on w. 

From the last result we can deduce the following one which provides concrete 
examples of functions from the class £{^l). This result has been also obtained 
by the first author (see [Ce 4]). 

Proposition 2.3 For any hyperconvex domain 0, d C", we have B{Q) C 
In particular, for any negative plurisubharmonic function u on Q and 
anyO<a< 1/n, -(-«)" G £{n). 

Proof: Bedford has proved that for any function -0 G 13{Q), the condition 
C^{K;^}) < +00 holds for any K Q (see [Be]). Therefore the inclusion 
B{Q) C £{Q) follows from the last proposition. Since a < 1/n, we clearly 
have — (— u)" = — (— n0(— n))^/", where 0{t) = which satisfies the con- 

dition (EIZI). Therefore -{-u)" G B{n) C £{n). ► 

3 Capacity of sublevel sets of plurisubharmonic 
functions in subclasses of S{Q) 

Now we prove the following capacity estimate of the sublevel sets of plurisub- 
harmonic functions of finite energy. 
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Proposition 3.1 Let 99 G £p{^) if p > and if G if p = 0. Then the 

following estimate 

(3.1) Cap({z G ; ip{z) < -s};^) < c„,p • ep{ip) ■ s~"~p,Vs > 0, 

holds, where Cn,p > is an absolute constant and ep{ip) is the p— energy of 
If. 

Proof: 1) Assume first that 93 G <?o(^) Siiid define ^l{ip,s) := {z G Q;ip{z) < 
—s} for each s > 0. Let K C ^{(f, s) a fixed pluriregular subset and hx the 
(— 1, 0)— extremal function of the condenser (K,0,). Then hx G <fo(^) ^-nd 
since —ip/s>loiiK,we have 

(3.2) Cap{K;n) = [ {dd^hK^ < [ [dd^hxT 

Jk Jk s 

= ^p^i-^ndd^^r, 

where the last inequality follows by integration by parts (see [Ce 3], [Bl]). 
Then we deduce that 

Cap(f)(9.,.);17) <^ [ {-^Yidd'^T 

for each ip G £o{fl). 

2) Let (p G £p{^) and (ipj) a p— admissible sequence of plurisubharmonic 
functions from the class £o{0,) decreasing to (p. Then applying the estimate 
1)3. 1() to each function (pj G £o{^) we obtain the following estimate 

cap{ni^„ sy,n) < ^ / i-ip^ndd^^jTyj. 

Now by Lemma 2.1, there exists a decreasing sequence of plurisubharmonic 
functions ((/?j) from the class £'o(f2) which converges to ip and satisfies the 
condition ep{ip) = limj f^{—ipj)P{dd'^ipj)"'. Then applying the last estimate 
to this function we get the following estimate 

Cap{n{p, sy,n) < c„,p^^. 

This proves our proposition. ► 

Let us prove a converse to the last result which shows that the estimates 
(|3.1() are almost sharp. 

Proposition 3.2 Let p G f (O) a function such that there exists an open 
subset uj G fl, a constant A > and a real number q > n such that 

Cap({z G CO ; ip{z) < -s};^) < Cs^^Vs > 0. 

Then p^j G £p{^) for any real number p with < p < q — n. 
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Proof: First we claim that for any plurisubharmonic function u G f (O) and 
any Borel set i? C il, we have 

(3.3) / (dd^)" < (sup|n|)" Cap(5;17), 

Jb b 

provided that sup^ \u\ < +00. 

To prove this estimate, set M := supg \u\ and define the function v = sup{n/ 
M, -1} on Q. Then v G VSH{n), -1 < u < and = u/M on B. There- 
fore from Demailly's inequahty ([De]), it follows that (M~'^ J^{dd^u)^ < 
J^{dd^v)"' < Ca,p{B;Q), which proves our claim. 

Now define the following sets Bj := {z G uj ; —2-'+^ < ^{z) < —2^} for 
j > 0. Then it follows from (|3.3|) that 

/ (-99)P(d(iV)" < (sup liflT+PCapiBfn) < C2^^("+P-9) 
JBj Aj 

and then JJ-ip)P{dd''(p)'^ < C Xlj^o 2^"+^""^^' < +00, since p < q - n. 
Therefore we have j^{—(pi^Y{dd'^ip^)'^ < +00. ► 

As a consequence we state the following result which improves the result of 
Proposition 2.3 and provides examples of functions in the classes £'p(il). 

Corollary 3.3 Let u G PSH~ (^), a a real number such that < a < 1/n 
and if = ipa ■= — (— n)°. Then for any Borel subset u; d (^^^ € £pi^) for 
any real number p such that < p < 1/a — n, 

Proof: Indeed it is easy to check that Capdz G oj ; (p{z) < — s};ri) < 
As~^^", for any s > 0. Thus the result follows from the last one. ► 

It is possible to characterize the class J^^{Q) by means of the behaviour 
of the capacity of sublevel sets. 

Proposition 3.4 Let (/? G ^(0). Then the following properties are equiva- 
lent 

(i) G T-{n), 

(^o/{^=-oo}(^^vr = o, 

(Hi) lim^^+oo s"cap({(^ < — s};r2) = 0. 

Proof: Take a sequence (ipj) of continuous functions from £o{Cl) which de- 
creases to if and satisfies sup^ J^{dd'^ipj)^ < +00. 

Define the open sets Qj{s) := {ipj < — s}, Q{s) := {ip < —s} and the 
functions 

aj{s) := cap{{ipj < —s};^l), a{s) := capd^j < — s};$7), 

and 

bj{s) := [ (ddVi)", Ks) ■■= [ (ddV)"- 
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We claim that for j € N and s > 0, 

(3.4) s%(2s) < bj{s) < s"aj(s). 

Indeed take any function u € PSH(^}) with — 1 < n < 0. Then Qj{2s) C 
{^j/s < M — 1} C ilj(s) ^ Q. By the comparaison principle, we get 

•c„,\n ^ I fj^c,„ \n ^ I „—n/7^c,^ \n „— n 



Taking the supremum over all u's, we obtain the first inequality of (|3.4j) . 

To obtain the second inequality, observe that for < s < i, sup{ipj, —t} = 
ipj on the open set {(pj > —t} which is a neighbourhood of di}j{s) and then 
lQ,{s)idd^^upyj,-t}T = In^is)i(^d'^^jT- Therefore 



aj{s) > t-" I {dd^supi^pj, -t})" = i"" [ {dd^'PjT 



which proves the required inequality since t > s is arbitrarily close to s. 
Taking the limit in (|3.4j) when j +oo, we obtain 

(3.5) s''a(2s) < b{s~) and b{s) < s"a(s), Vs > 0. 

where b{s^) := lim£_,o+ b{s — e). 

Prom the estimates (|3.5|) . it follows that the conditions (ii) and (iii) are 
equivalent. Moreover it is clear that (i) implies {ii). So it is enough to prove 
that (iii) implies (i). Indeed, assume that that limg^+oo s^a{s) = and take 
a pluripolar subset i^T of O. It follows from ([De], [Ce-Ko]) that 

/ (ddV)" < / {dd" sup{(/9, -s})" < s"cap(iv:; n) = 0. 
JK\n{s) JK\n{s) 

Moreover, by (|3.5j) . we have 

[ {dd^^T < Ks) < .s"a(s). 
J Knnis) 

Therefore J^{dd^ip)'^ = and then ^ G ^"(Sl). ► 



4 Global subextension of plurisubharmonic 
functions with weak singularities 

Here we want to prove a general subextension theorem for a class of plurisub- 
harmonic functions of weak singularities, generalizing a theorem by El Mir 
([El]) and also by Alexander and Taylor (see [Al-Ta], [De]). Then we will 
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apply our result to derive theorems on subextension of plurisubharmonic 
functions of finite energy. 

To sate our results we need to introduce the usual Lelong classes of 
plurisubharmonic functions. 

maxi^i_r u(z) 

(4.1) £^(C") := {u e P5/f(C");limsup ' ' < 7},7 > 0. 

r— >+oo log r 

When 7 = 1 we write £(€") = £i(C"). 

Theorem 4.1 Let (p G PSH~{Q,) and to C ^ an open subset. Define the 
function x(s) = XipisjU;) := Cap({z G uj ; ip{z) < — s};Sl). Assume that the 
following integral condition 

/ + 0O 
X{s)^^''ds < +00 

holds. Then for any e > 0, there exists a function G Cs{C'^) such that 
Ue < if on UJ. 

In particular ^^{a) =0 for any a E. uj. 

Proof: We use the same construction as in ([Al-Ta]). Indeed let us denote 

by 

M{s) := maxVs = - log T-^{lo {ip; s)) , s > 0, 

where Vg is the >C— extremal function of the open set io{ip]s) := {z G 
u ; (p{z) < —s}. Then by Alexander-Taylor's inequality ([Al-Ta]), we deduce 
the following 

(4.3) M(s) > x(s)-'/", Vs>0, 

where xi^) = X(pisi'^) for s > 0. Now define the following function 

(4.4) Ws{z) = w{z, s) := Vs{z) - M{s), {z, s) G C" x M+. 

We claim that this function satisfies the following properties 
{i) Ws e C and Ws{z) <a + log+ \z\, Vz G C", Vs > 0, 
(ii) Ws{z) = —M{s), Vz G uj{ip,s),\/s > 0, 
(Hi) max-^Wg = and j^Ws{z)dX{z) > —b, Vs > 0, 
where a,b > are absolute constants. 

Assume for the moment that all the above properties are satisfied and 
observe that for any fixed z G C", the function s i — > Ws{z) is a function 
of bounded variation ( equal to the difference of two monotone functions) 
and upper bounded on R+, by condition (i). Therefore we can define the 
following function 

r+oo 

vc{z):= / wiz,s)xis)'/''ds, z G C", 
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for each c > 0. From condition (i), it follows that 

(4.5) Vciz) <a-r]c + Vc- log+ \z\, Vz G C", 
where r]c := J^°° xi-^Y^^ds. Now from {in) it follows that 

(4.6) / Vciz)dX2niz) >-b- rjc 

Jn 

Then it follows from (|4.6)) and (|4.5j) that Vc is plurisubharmonic on C". Now 
fix t > c > and z G io{^, t). Then by (ii), for any s < t, we have ip{z) < —t 
and it^sl-z) = — M(s). Therefore, since it^s < on $7, we get from (|4.3|) the 
following estimate 

Vc{z) < j\s{z)x{sf'''ds < {-t + c). 

This means that Vc{z) < ip{z) + c if (p{z) < —c. But if ip{z) > — c, this 
inequality is clearly satisfied, since Vc{z) < for any z & Q. Define Uc{z) := 
Vc{z) — c, for z G C". Then it is clear that Uc < (p on to. Moreover, from 
(|I75)) . it follows that 

(4.7) Uc{z) <a-r]c-c + r]c- log+ Vz G C", 

Now given e > 0, we can choose c = c{e) > such that 7/(c) < e, then 
corresponding function Us := Uc{e) satisfies the conclusions of the theorem 
with 7(e) := a ■ r/c(e) - c(e). 

Now it remains to prove that our function 1)4. 4() satifies the properties 
{i),{n) and {in). By definition Wg £ C and max-^Wg = 0. Then Ws < Vq 
on C" for any s > 0, which proves (f), since G C The condition (ii) is 
trivial since 14 = = on tj(95, s). The condition (Hi) is related to an 

inequality by Alexander (see [Al] , [Sic 2] , [De] ) and can be proved easily as 
follows. Observe that the normalized subclass Cq := {t/; G £ ; maxjy = 0} is 
a (relatively) compact subset of C for the L^^^^— topology (see [Ze]) and the 
functionnal w i — > f^w{z)dX{z) is continuous on C. Therefore it is bounded 
on Cq, which proves the condition (Hi). ► 

Now from our result we can deduce the Alexander- Taylor's subextension 
theorem. 

Let h : M~ — > IR~ be an increasing convex function such that 

(4.8) -^dt < +00. 
Then we obtain the following result. 
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Corollary 4.2 Let u € PSH^{Q) and h : — > he an increasing 
convex function satisfying the condition Then for any subdomain oo (s 

for any e > 0, there exists a function Ue € £e(C") such that Us < h{u) 
on ijj. 

Proof: Let g : M~ — > M~ be the inverse function of h. Then uj{h{u); s) = 
Lo{u; g(—s)) for any s > 0. Now use the usual capacity estimate for u to 
conclude that 

(4.9) Cap(uj(h(u);s);n) < . -,Vs > 0. 

-9{-s) 

Now observe that the condition on h implies that f^"^ {—g{—s))^^/^ds < 
+CX). Therefore from the estimate (j4.9j) . it follows that the condition (|4.2j) 
is satisfied for the function h{u) and then the corollary follows from the last 
theorem. ► 

Now using capacity estimates from section 3 and the last theorem, we 
easily see that functions from the classes £p{Q), with p > 0, have global 
subextension of arbitrary small logarithmic growth at infinity. 

Corollary 4.3 Let ip G £p{n), with p > 0. Then for any e > 0, there exists 
a function Us € i2e(C") such that Us < (p on 17. 

Proof: From the estimates p. If) of Proposition 3.1, it follows that the condi- 
tion (|4.2|) of Theorem 4.1 is satisfied with cj = fi, which implies our result. ► 



5 Global subextension of psh functions with 
uniformly bounded Monge- Ampere masses 

As we pointed out in the introduction, on any smoothly bounded domain 
in there is a smooth plurisubharmonic function which admits no subex- 
tention to any larger domain (see [Be-Ta 3]). In contrast to this negative 
result, the first and the third authors proved that for any hyperconvex do- 
main O, (£ C", functions from the class J'{^) always admit a subextension 
to any larger bounded hyperconvex domain (see [Ce-Ze]). 

Here we want to prove that such functions have a global subextension 
which is plurisubharmonic of logarithmic growth on C". 

Besides the Lelong classes £^(C") defined in section 4, we also need the 
following class. 

£+(C") := {u G PSHiC"); sup \u{z) - log+ \z\ \ < +oo}. 
Now we can state our main result. 
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Theorem 5.1 Let Q (£ C" be a bounded hyperconvex domain and ip G J^{^1). 
Then there exists a plurisubharrnonic function u G >C-y(C"'), with 7" := 
j^{dd'^ip)'^ such that maxjyu = and u < (p on CI. 

Proof: 1) Assume first that tp G £o{^) and define the fohowing Borel measure 
H := Ij^(ddV)"- Fix a ball IB C C" such that TicM. Then in general there 
is no bounded plurisubharmonic function w on B such that {dd^v)^ > on B 
(see the example below). We will approximate the measure /x by measures 
for which such bounded plurisubharmonic functions exist. Indeed, since fi 
puts no mass on pluripolar sets, by ([Ce 1]) there exists ip G £o{M) and 
/ G L^(B, n) such that ji = J ■ (dd'^ip)'^ on B. Then consider the sequence of 
measures Hk := In inf{/, k}{dd'^'i/j)'^ , A; G N with compact support in B. 

Fix an integer k > 1. Since /i^ < (dd'^ipk)^ on B, where ipk '■= k^^""tp G 
£o(M>), it follows from ([Ko 2]) that there exists u/. G i2;|^(C") such that 
(dd'^Uk)"' = iJ-k on C", where 7^ := //fe(B). We can normalize Uk so that 
maxjyUfe = 0. We can also find G £q{^) such that {dd'^gk)'" = /x^ 
on CI. Then from the comparison principle, we have Uk < gk on Q, and 
since the sequence of measures (pk) is increasing, the sequence of plurisub- 
harmonic functions (gk) decreases to (p on CI. By Hartogs lemma, u := 
(limsupj._,^oo'Ujt)* is plurisubharmonic on C" and max^yu = 0. It is clear 
that u < tp onCl and u G £^(0"), where 7" := j-^{dd'^u)^, since 7^ < 7, VA; G 
N. 

2) Assume now that (p G J^{Ct). By Lemma 2.1, there exists a decreasing 
sequence {ipj) of functions from the class £Q{d) which converges to ip on 
CI and f^{dd'^(p)"' = liuij f^{dd'^ipj)"'. Let us define 7 > so that 7" := 
j^{dd'^ipY^ < +00 and fix j G N. Then by the first case there exists Uj G 

(C") such that max-^uj = and Uj < ipj on CI, where 7^* = J^{dd'^ipj)"'. 

Again the function u := (limsup^-^.,.;^ G >C^(C") and satisfies the 
inequality u < ip on CI and by Hartogs' lemma we have maxjyu = 0. ► 

From this result we get the following one. 

Corollary 5.2 Let CI (E: be a bounded hyperconvex domain and p G £{Cl). 
Then for any open set u CI, there exists a function u G £-y(C'*), where 
7 > such that u < ip on lo. 

Proof: This result follows from the last theorem applied to the function ip^, 
which belongs to J^{Cl) and satisfies (p^ = ip on u> hy Proposition 2.2. ► 

It's possible to get a control on the Monge- Ampere measure of the subex- 
tension in some cases as the following result shows. Recall that T"'{Ct is the 
set of plurisubharmonic functions ip G J^{Cl) such that {dd'^ip)'^ puts no mass 
on pluripolar subsets of CI. 

Theorem 5.3 Let CI (s C" be a bounded hyperconvex domain and ip G 
J^°'{Cl) with J^{dd'^ip)"' = 1. Then there exists u G C{C"') such that u < ip 
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on and {ddFu)'^ = lu{d(F'4))'^ on C". Here {dd'^u}'^ is the unique measure 
with the property that for any sequence vj G £+(C"') decreasing to u we have 
{dd^VjY {dd^uY weakly on C". 

Proof: Take a hyperconvex domain Vl' containing Vl. Then by [Ce 3], there 
exists a plurisubharmonic function ip G ^"(^2') such that ip < ^ip on Q. and 
{dd'^ifY = Inl^d'^V')" ='■ dn as Borel measures on 0.' . Then n{Uj) — > as 
j — > oo when Uj = {z E O'; if{z) < —j}- Set d/Uj = dfj, — dfi^jj. and observe 
that {dd" sup{ip, -j}Y > dfij on Q' (see [Dc], [Cc-Ko]). Then by [Ko 1] 
there exist tpj G £o{^') such that {dd'^ipjY = djij. Define 

1 

"'■"^ 

and observe that aj >\. By [Ko 2] there exist Uj G >C"'"(C"') with sup^/ Uj = 
0,Uj < (fj and {dd'^UjY = djdjjij. 
Set 

Vj = (supufe)*. 

Then vj > uj and tp > ip > u := limvj G i2. Observe that for a fixed j G N, 
the sequence 

:= sup{n^; j <£<k},k>j 

is an increasing sequence of plurisubharmonic functions in >C"'"(C") which 
converges a.e. on to vj. Since {dd'^UiY ^ dfi on C" \ Uj, for any i > j, 
it follows from ([De], [Ce-Ko]) that {dd^Vj^kT > dfi on C" \ Uj. By the 
convergence theorem [Be-Ta 1], it follows that 

{dd^VjY > dii on C" \ Uj 

and for M > 

{dd" max(uj-, -M))" > d/x on C" \ {Uj U Vm), Vm := {u < -M}. 
Since by the convergence theorem [Be-Ta 1] , 

lim {dd^uis^{vj, -M))" = (dd^max(n, -M))" 

j— >oo 

we obtain 

(dd^max(u, -M))" = lim (dd^ max(u,- , -M))" > d/x on C" \ Vm- 

j— ►oo 

Therefore 

lim (d(i'=max(M, -M))" > d/x 

M— >oo 

on C" and since the integrals of both measures are equal, the measures 
themselves are equal. Hence 

dlJiM = {dd^ max(ii, — M))" — > d^x. 
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Take a sequence (wj) of continuous functions in C^{C^) decreasing to u. 
We have to prove that {ddPyoj)"^ — > d^. It is no loss of generahty to assume 
that Wj > Wj+i for all j. 
Set for j G N, 

duj = {dd'^WjY, 

and 

dvj,M = {dd^ TCLa,-x.{wj,—M))^ . 
Fix t > 1. Then for Ej = {wj > n + (t - 1)} n {u > -M + 1} we have 

(5.1) / dfi^O. 

(since Ej decrease to 0.) Since the set {wj < —M} is relatively compact 
and the sequence Wj is strictly monotone one can find kQ so big that for 
k > ko, Vk < Wj on this set. Note that if Wj{z) < —M then Wj{z) + M > 
Vkiz) + M > t{vk{z) + M). Hence, by the comparison principle 

/ (dd^Wj)" < f {dd^WjT 

J{wj<-AI} J{t{vk+M)<Wj+M} 



Then, by (jSl} 



J {t(vk+M)<Wj+M} J{u<-M+l}U Ej 



limsup / {dd^Wj)"^ < liminf / 

j^oo J{wj<~M} J{u 



(dd^Vk)" =: e{M). 

l{wj<~M} J{u<~-M+1} 

From this estimate and the fact that dvj^M = dvj on {wj > —M} we con- 
clude that the total variation 

\Wj,M-i^j\\ <2e{M/2), j>j{M). 

We claim that e(M) ^ as M ^ oo. Indeed, since f^nidd'^Vk)^ = 1 = 
/x(C") and (dd^vtr > dfi on n \ Uk D n \ {Uk U Vm-i), it follows that 
/c/feUVM-i*^^^'''''^)" < ^^{Uk U Vm-i). Now since fiiUk U Vm-i) < KUk) + 
IJ,{Vm-i) and the measure // puts no mass on pluripolar sets, it follow that 
each of these terms tends to and then so does e(M) < ij:{Vm-i)- 

Therefore for a test function x we can make the first and the third term 
on the right in the formula 



Xdiuj - n) = J xd{vj - yj,M) + j xd{yj,M - IJ-m) + j xd{l^M - /") 

arbitrarily small by taking M large enough and j > j{M). The middle term 
goes to zero as j — > cxd by the convergence theorem. Therefore the left hand 
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side tends to zero. ► 

Remarks: 1) Observe that the measure {ddFuY was defined globally. It 

would be interesing if we can show that it is can be defined locally. It would 
be also interesting to know if the last theorem is true for ip G T(p). 
2) We can define a "canonical" subextention 

u = supji; & C : V < ip}. 

Roughly speaking it should have Monge- Ampere mass supported on the set 
{u = ^}. 

We will come back to these questions in a subsequent paper. 

Example: We give an example of a bounded subharmonic function v on 
the unit disc D C C such that dd'^v < +00 and there is no bounded 
subharmonic function u on an open neighbourhood D' of D such that dd'^u = 
Indd^v as measures on D'. 

Indeed let (aj) be a discreete sequence of points in the unit disc D C C 
wich converges to 1. For j G N*, define Vj{z) := snp{gD{z,aj),—l} for 
z E D, where goiz, aj) is the Green function of D with pole at aj. Let (e^) 
be a sequence of positive numbers such that = 1- Then v := Ylj ^jVj 

is a bounded subharmonic function on D such that —l<v<OonD and 

dd'^u < +00. 

It is easy to see that dd'^Vj converges weakly to 61 as measures on C 
since dd'^Vj = 1 for any j G N* and for j G N large enough dd'^Vj puts 
no mass outside any arbitrary neighbourhood of 1. Then it follows that 
lim supj_>_l_oQ log 1 1 — z\dd'^Vj = —00. Therefore, taking a subsequence if 
necessary, we can assume that the poles and the weights are choosen so that 
/d 1^ ~ zldd'^Vj = -00. 

Now if u is a subharmonic function on a disc D' containing D, such that 
dd'^u = lodd'^v on D' then by the Riesz decomposition we have u{l) = 
c + J^jlog |1 — z\dd^u = c + Ylij /i) log 11 ~ z\dd'^Vj = —00 by construction. 

Remarks: As observed by El Mir ([El]), there exists a plurisubharmonic 
function u on some open subset Q C which has no subextension to any 
larger domain. The main obstruction is the fact that the polar set of u in J7 
may contain a non trivial analytic set, which does not extend as an analytic 
set in a larger domain. This analytic stucture comes from the fact that 
superlevel sets of Lelong numbers of (p defined by 

A{(p; c) := {a G ; ^{ip, a) > c}, c > 0, 

are analytic sets by Siu's theorem (cf. [Siu]). Indeed, let u be a plurisub- 
harmonic function on some open subset uj C Assume that there exists a 
function U G PSH{^1) such that U <u on lo. Then A{u; c) C A{U; c) n u. 
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Hence the subextension problem is closely related to the propagation of sin- 
gularities of plurisubharmonic functions. Observe that for all the functions 
which were considered in our theorems the sets A{(p; c) are finite so that 
obviously there is no analytic obstruction to subextension. 
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